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Abstract: In this paper we study the swap operation in a two-qubit anisotropic XXZ model in 
the presence of an inhomogeneous magnetic field. We establish the range of anisotropic 
parameter λ  within which the swap operation is feasible. The swap errors caused by the 
inhomogeneous field are evaluated. 
 
 
                                I. INTRODUCTION 
 
Quantum computers (QCs) have attracted much attention recently due to their potential to greatly exceed their 
classical counterparts [1-4]. Of the various schemes that have been proposed, the ones based on solid state systems 
are believed to have the best scalability. Moreover, the solid state schemes can largely take advantage of modern 
semiconductor technology and micro-fabrication technology. Because of these advantages, the study of solid state 
quantum computation is currently an important field [5–9]. 
One of the primary conditions for realizing quantum computation is to represent quantum information robustly. 
The spins of electrons or nuclei live in the Hilbert space spanned by the spin-up and spin-down states, so that they 
are natural candidates to represent qubits. Another fundamental condition required for quantum computation is the 
universal quantum gates that implement the unitary transformations [10]. It has been proved that any multi-qubit 
unitary transformations can be implemented by a combination of single-qubit gates and CNOT gates, so they are 
universal. In spin-based proposals single-qubit gates correspond to single-spin rotations, which can be achieved by 
a magnetic field pulse in the x-y plain or g-factor engineering [11]. The implementation of a two-qubit gate is based 
mainly on the exchange interaction between spins. Among two-qubit gates, the swap gate  plays a 
fundamental role. The swap gate itself is not universal; but it has been proved that its square root 
SWU
1
2
SWU  is 
universal. The CNOT gate can be constructed by combining of single-qubit operations and 
1
2
SWU  [5], so that along 
with the single-qubit gates any unitary transformation can be achieved. 
In most proposed QCs, the energy difference between the qubit states is large compared to the qubit-qubit 
interaction, which corresponds to a system of spins in a strong external magnetic field [8]. In solid state structures, 
inhomogeneity of the field is inevitable, so it’s necessary to consider the effect of an inhomogeneous field. In Ref. 
[12] Hu et al studied the effect of an inhomogeneous magnetic field in an XXX-type (i.e., x yJ J J= = z
                                                       
) coupling 
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system. However, in real systems, the spin-spin interaction may be anisotropic due to surface and interface effects, 
as well as spin-orbit coupling [13]. In order to investigate the influence of the anisotropy, more general models 
should be considered, for instance, the XXZ model (i.e., x yJ J Jz= ≠ ). Moreover, in Ref. [12], the effect of an 
inhomogeneous field is only demonstrated in a simple situation, which is insufficient and needs further proof. 
These are the main motivations of this paper. 
 
                           II. THE MODEL AND METHOD 
 
Under an inhomogeneous magnetic field, the effective Hamiltonian of a two-qubit Heisenberg XXZ model is 
given by [14]: 
    1 2 1 2 1 2 1 2
1 ( ) ( ) (
2
)x x y y z z z zH J B b B bσ σ σ σ λσ σ σ σ⎡ ⎤= + + + + + −⎣ ⎦ ,                                (1) 
ere 0B ≥  is the magnetic field along the z direction. The parameter b represents gree of inhomogeneity. 
the exchange coup ng in the x-y plane. The chain is called antiferro agnetic if 0J >  and ferromagn
0J < . The parameter 
wh the de
is li etic if J  m
λ  is the anisotropy in the z direction. For 1λ =  we call it an XXX chain; for 0λ =  
we call it an XX chain. In other words, the XXX d X mo els can be regarded aan X d al cases of ths speci e XXZ 
model. Note that we are working in such units that B , b and J  are dimensionless. 
    We define 1  and 0  as the spin-up and spin-down states, respectively. The eigenstates and corresponding 
eigenvalues of the Hamiltonian (1) can be expressed as 
1 00ψ =  1 1 ( 22E Jλ= − , )B,                                      
2
1 ( 2 )E J B2 11ψ = ,                                       2 λ= + , 
3 2 2 2 2
10 01J
J J
εψ ε ε= ++ + , 3 2
JE λ η= − −                , 
3 2 2 2 2
10 01J
J J
ζψ ζ ζ= ++ + ,               4 2
JE λ η= − + ,                         (2) 
22where Jb +=η , ηε −= b , and ηζ += b . 
Assuming that the initial state is given by 1 2(0) (1,0) (2,0)ϕ ϕ ϕ= ⊗ , the first and second positions in the 
bracket indicate the sequence number of the spins and the time t , respectively. It then evolves under the 
Hamiltonian (1): 
 ( ) (0) .                                                                     (3) 
If the wave function becomes 2 1(1,0) (2,0)
iHtt eϕ ϕ−=
ϕ ϕ ϕ= ⊗  at some time, then the swap operation is achieved. Due to 
 2
the e ins will generally be entangled. Only at certain times will the 
system hether the swap operation is feasible, we can check whether the 
state corresponds to a swapped one when it is disentangled. Suppose the initial state is: 
xchange interaction of the spins, the two sp
 evolve into disentangled states. To find w
    1 2 1 2(0) ( 1 0 ) ( 1 0 )ϕ α α β β= + ⊗ + .   
nd the initial sta in the basis of eigenstates of the Hamiltonian (1), and Eq. (3) becomes 
    
                                               (4) 
We expa te 
1 1 2 2 3 3 4 4( ) ( ) ( ) ( ) ( )t a t a t a t a tϕ ψ ψ ψ ψ= + + + ,
tiEea 1221
−= βα , 
                                              (5) 
where 
tiEea 2112
−= βα , 
3
2 2 2 2
2 1 1 2
3
( )
2 2
iE t iE tJ J M Ja e
J J
α β ζ α β ε ε
η η
−− + += ≡ 3e− , 
4 4
2 2 2 2
1 2 2 1
4
( )J J N Ja α β α β ε ζ ζ− + +=
2 2
iE t iE te e
J Jη η
− −≡ .                                     
If a two-qubit system ngled state, the redu density matrix of either spin is pure. The reduced 
y matrix of the firs
    
 is in a disenta ced 
densit t spin is given by 
2
3
2
21 bb +=↑↑ρ ,            24211 bb +=↓↓ρ , 
                                                          (6) 
1
221
−= βα ,         
    
*
1 3 2 41 b b b bρ ∗↑↓ = + , *1 3 2 41 b b b bρ ∗↓↑ = + ,
with b           tiEe tiEeb 2112
−= βα , 
 
3 4iE t iE tMe Neb ε ζ
− −+= ,   3 2 Jη        
3 4iE t iE tMe Ne− −+
. 4 2
b η=
For a pure state density matrix ρ μ μ= , in two and higher dimensional Hilbert space, there is at least 
one state ν  . Then we have 0ρ ν μ μ ν= =that is orthogonal to μ , which means that the set of 
ρ0  has nonvanishing solutions, so the coefficient matrix ρ ν =homogeneous linear equations  satisfies 
det 0ρ = .                                                           (7) 
It can be
                  
two-dimensional Hilbert space, Eq. (7) is also the sufficient condition for the density matrix 
to b 5]. Hence, the state of the first spin is pure if and only if 
 proved that in 
e pure [1
2
1 1 1 0ρ ρ ρ↑↑ ↓↓ ↑↓− = . From Eq. (6) we 
have  
2
111 ↑↓↓↓↑↑ − ρρρ  
 2
1 2 3 4b b b b= −
 3
[ ]2 2 2 2 2 2 2 2 22 1 1 2 1 2 1 2 2 1 1 2
22η   
( ) 2 1 cos(2 ) ( )sin(2 )Jb J t iJ tα β α β α α β β η η α β α β η⎡ ⎤− − − − +⎣ ⎦= +
2
2
1 2 1 2 (1 )
i Jte λα α β β −− .                                                                  (8) 
 
   II ANISOTROPY IN RACT
First we look at the homogeneous field situation. Here we presume , and it can be proved that the 
result is the same for . When , we have 
                I. INFLUENCE OF THE TE ION 
 
0J >
0J < 0b → Jε →− , Jζ → , Jη → , then Eq. (8) becomes 
2
111 ↑↓↓↓↑↑ − ρρρ  
2
2 2 2 21[cos(2 ) co (2 )] [ ( ) s (2 ) sin(2 )]Jt Jt i Jt Jtα α β β λ α β α β α α β β λ= − − + − .       (9) 
Now consider the value of t  for which Eq. (9) vanishes. If t  depends on the initial state parameters 1
1 2 1 2 2 1 1 2 1 2 1 2s in2
α , 
2α , 1β  and 2β , then for an known initial state n can’t be realized; so 
e us o
 un  the swap operatio t  must be 
independent of the initial stat parame in order to tain ters. Th b
2 2 2 2
2 1 1 2 1 2 1 2 sin(2 ) 0Jtα α β β λ = , we must have 1 ( )sin(2 )2 Jtα β α β+ − sin(2 ) sin(2 ) 0Jt Jtλ= = . When the 
above condition is satisfied, we have cos(2 ) 1Jt = ±  and sco (2 ) 1Jt = ± . For the XXX model, 1λ =λ , so 
cos(2 ) cos(2 ) 0Jt Jtλ− =  , however, cos(2 ) cos(2 )Jt Jtλ=  holds na model where turally; for the XXZ 1λ ≠
is als ry, so we can see that is  o necessa  tied to the value oft  λ . 
is a rational number, then it can always be written in the form: 
m
n
λ =λ  Case 1: If , where  and 
are co-p gers. 
Jt
m n  
rime inte
① For cos(2 ) cos(Jt knt
J
π=2 ) 1λ= =  solu, the tion is , where 1,2,3...k = is the number of the 
period. 
② For cos(2 ) cos(2 ) 1Jt Jtλ= = − , if bo e solution is th  and are odd, thm n  (2 1)
2
k nt
J
π−= ; if either 
m  or n  is even, however, cos(2 ) 1Jt = −  and cos(2 ) 1Jtλ = −  can’t be ac hen there hieved simultaneously, t
 4
is no  independent of t α  β  for which 21 1 1 0ρ ρ ρ↑↑ ↓↓ ↑↓− =and . 
is an irrational number, cos(2 ) cos(2 ) 1Jt Jtλ= = ±λ  Case 2: If can’t be strictly achieved. But for an 
 achieved, so that the wave function is close to a pure state. appropriate t  it may be approximately
Now let’s focus on the state of the first spin while 
2
1 1 1 0ρ ρ ρ↑↑ ↓↓ ↑↓− = . When 
cos(2 ) cos(2 ) 1Jt Jtλ= = , ( )1 1 2( 1 ( 1) 0 )2
k m n iBteϕ α α+= + − , the state returns to the initial one except 
for an additional phase shift. When 
1
cos(2 ) cos(2 ) 1Jt Jtλ= = − , 21 1 2
n m−
 
states of the two spins are swapped except dditional phase shi so that the swap operation is achieve
the additional phase shift is corrected by a sin spin operation. 
In order to correct the additional phase sh ssary to determine its expression. In the XXX mode  
1 ( 1 ( 1) 0 )
2
iBteϕ β β= + − , the
 for an a ft, d after 
gle-
ift, it’s nece l, the
additional phase shift is always , whether for ‘return’ or ‘swap’ operations. In the XXZ model, however, the 
phase shift is also related to 
iBte
λ  and : For the ‘return’ operation, if k m n+  is even, the phase shift is 
whic en  
iBte , 
h is the same as the XXX model; if m n+  is odd, th  when k  is even or odd, the phase shift is e  or 
Bte− , respectively. For swap operation, when 
iBt
2
n m−
 is even or od e additional phd, th ase shift is iBte  or iBte− , 
respectively. The reason is that for some values of , while cos(2 ) cJt Jtos(2 ) 1= = ±λλ , we have 
cos( ) cos( )Jt Jtλ= −  o in( ) sin( )Jt Jt ir s λ= − , so a phase shift of e π  is induced. 
Finally, we consider the swap operation while either m  or n  is even. As is shown above, in this case a  
ideal swap operation is not feasible. However, if cos(2 ) cos(2 ) 1t t
n
η λη≈ ≈ − , the swap operation can be 
achieved approximately. The crite on can be roughly measured by ri [ ]( ) min 2 cos(2 ) cos(2t )tτ λ η= + + λη , the 
smaller τ  is, the closer the swap operation is to an ideal one. It can be proved that τ  decreases monotonously 
with
1
2
2
3
1
4
 the increase of both m  and n . In other words, if both m  and n  are small (e.g. , , …), even an 
approxim peration is irrealizable. Another t iss  durationate swap o impo ue is  th e operation takes. If rtan  the at th λ  
is in the neighborhood of above values, t le, it’ll take rather a long time to realize the swap 
operation, which means that the opera is quite limited. On the contrary, the operation 
duration is ly short wh
hough theoretically 
tion time before decoherence 
 relative en 
feasib
λ  is close to the value that both  and are small odd numbers. 
 
                
m  n
     IV. INFLUENCE OF AN INHOMOGENEOUS FIELD 
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We now turn to the influence of an inhomogeneous magnetic field. First w ple situation, in 
which 1 2 0
e look at a sim
β β⋅ = . Without loss of generality, let 1 1β =  and 2 0β = , so that 1 2(0) ( 0 ) 1ϕ α α= + . It 1
can be c at if and only if )Jt Jtalculated th cos(2 ) cos(2 1= λ = − sult is closest to an ideal swap operation. 
Defining 
 the re
b Jδ= , we have 
2 2
2
1 21 1
α δρ δ↑↑ +                                                                      (10) = −
It can be seen from Eq. (10) that the first spin is definitely upward only when 2 0  (i.e., the initial state is α =
the eigenstate of the Hamiltonian and the system is in a stationary state). For other values of 2α , there would be 
an error of magnitud  
2 2
22 2
221
α δ α δδΔ = ≈+
p operation is feasible 
e . Considering the constraint of contemporary available error 
correction schemes, the swa only when 1δ << , or rather when
than 
 the order of b  is far lower 
J . Now let us look at more general situations. When cos(2 ) cos(2 ) 1Jt Jtλ= = − , if 1 2 0β β⋅ ≠ , the 
reduced density matrix is given by                                                                            
2( )α β − +2 22 21 2 2 1 1 2 1 2 1 2 1 2
1 11 2
( )
1
C
α β δ α α β β α α β β δρ β βδ
∗ ∗ ∗ ∗
↑↑
+= + ≡ ++    
2
21 Cρ β↓↓ = −  
2 2
1 2 1 2 2 12 2
1 2 11 2
ρ β↑↓ = −   2
1 2
( )
( 1) ( 1)
1
n m n m
iBt iBte De
β β α α β β δβ β ββ β δ
∗ ∗− −
∗ − ∗ −
∗
+ − ≡ −+                   (11) 
go
all the different ways make no difference for experimental measurements [16]. Hence, only one kind of expression 
as: 
There are infinitely many ways to express a mixed state as a mixture of nonortho nal pure states; however, 
is needed. Here we write it 
( )2
1 1 2
2
3 : 0p⎪⎩
where 
: 1 ( 1) 0
( ) : 1
p e
t p
β β
ϕ
+ −⎪⎪= ⎨⎪
   
n m
i Bt θ
−
−⎧
                                               (12) 
1p D= , 22 1(1 )p D Cβ= − + , 23 2(1 )p D Cβ− − , arg Dθ = . =
Whether the swap operation is well achi
that we measure the state 
eved can be measured by the parameter p , which is the probability 
( )tϕ  in the basis 21 21 ( 1) 0
n m
iBt
−
eβ β+ − . For the id ation, eal situ 1p = ; and the 
closer is to 1, the better the swap operation is achieved. For the state expressed by Eq. (12), we have p  
 6
22 2 2
1 1 2 2 1 3 2
ip p e p pθ 2β β β−= + + +  β  
Inserting the expressions of ,  and into Eq. (13), we obtain the error magnitude of swap 
operation: 
                                            (13) 
1p 2p 3p  
4 2 2 2
1 1 1 11 ( 2 )p β α β α δΔ = − ≈ − +                                                    (14) 
In the proof, we use a power series expansion and neglect the third- and higher-order terms. Note that 
4 2 2 4 2 4 2 2 2
1 1 1 1 1 1 1 1 1 12 2 (β α β α β α β α β α− + ≥ − + = −  ) 0>
4 2 2 2 2
1 1 1 1 1 12 max( ,1β α β α α α− + < −  ) 1≤                                           (15) 
                 
1
Combining this result with the situation in which 1 2 0β β⋅ = , we have 20 δ≤ Δ ≤ , which is demonstrated 
in Fi  1. In other words, for any initial state, the ude of the swap operation caused by the g.  error magnit
inhomogeneous magnetic field is bounded by 2δ . Note that the phase shift caused by the inhomogeneous 
magnetic field doesn’t qualitatively affect the operation, which can also be elicited by the quali low:
If 
tative analysis be  
1 2β β≈ , then θ  is so trivial that can be ig d; if nore 1 2 0β β⋅ ≈ , the wave function itself is close to either 
of the standard bases 1  and 0 , so that the phase difference between them is of little significance.  
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    FIG. 1. (Color online). he swap operation error magnitude Δ  
versus the parameters of the initial state. 1| |α  and 1| |β  are initial 
tate parameters of two spins, respes ctively. Δ  is plotted in units of 
2δ . 
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                                 V. CONCLUSION 
 
We have investigated the influence of the anisotropy in the spin-spin interaction. Whether the swap operation 
gely depends on the form of the anisotropy parameter λ . is still feasible lar We also prove that the error magnitude 
of t  inhomogeneous magnetic field is bounded by he swap operation caused by the 2δ  ( /b Jδ = ) for any initial 
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